Revision set (Paper 1) [297 marks]

1. [Maximum mark: 5] SPM.1.AHL.TZ0.4
The following diagram shows the graph of y = f (z).The graph has a horizontal
asymptote aty = —1.The graph crosses the z-axisatx = —landz = 1,and

the y-axisaty = 2.
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On the following set of axes, sketch the graph of y = [f (z)]* + 1, clearly
showing any asymptotes with their equations and the coordinates of any local

maxima or minima.
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no yvaluesbelow 1 A1

horizontal asymptote at y = 2 with curve approaching from below asz — +00
A1

(+1,1) local minima A1
(0,5) local maximum A1
smooth curve and smooth stationary points A1

[5 marks]

[Maximum mark: 8] SPM.1.AHL.TZ0.9
The function fisdefined by f (z) = e** — 6e® + 5, € R, = < a.The graph of
y = f () isshown in the following diagram.



Lin

(3]

(a) Find the largest value of a such that f has an inverse function. [3]
Markscheme

attempt to differentiate and set equal to zero M1
f'(x) = 2e* — 6e” = 2e” (e” —3) =0 A1
minimumatz = In 3

a=In3 M

[3 marks]

(b)  Forthisvalue of a, find an expression for f ~! (z), stating its domain. [5]



Markscheme

Note: Interchanging « and y can be done at any stage.
y=(e* -3 —4 (M)

e" —3=x\y+4 A1

asr <In3,z=1In (3 — \/m) R1

sof 1(z) =In (3 - \/93—+4> Al

domainoff_1 isceR,—-4<x<5b A1

[5 marks]
[Maximum mark: 5] EXN.1.AHL.TZ0.6
TLIA i | . . 2z cos(xZ)
Use I'Hopital’s rule to determine the value of 91613(1) (m) . [5]

Markscheme

*This sample question was produced by experienced DP mathematics senior
examiners to aid teachers in preparing for external assessmentin the new MAA course.
There may be minor differences in formatting compared to formal exam papers.

. 2 2
attempts to apply I'Hopital’s rule on lim (M) M1

20 5 tan x

= lim

z—0

2 cos(x2) —4g? sin(:vZ)
5sec? x

) M1A1A1

Note: Award M1 for attempting to use product and chain rule differentiation on the
numerator, A1 for a correct numeratorand A1 for a correct denominator.The
awarding of A1 for the denominator is independent of the M1.

2
=2 A1



[5 marks]

[Maximum mark: 5] EXN.1.AHL.TZ0.7
Consider quadrilateral PQRS where [PQ)] is parallel to [SR].

P x Q

F\\a ﬁ .r}\\
5" y R
INPQRS,PQ = z,SR = 4 RSP = aand QRS = 4.

Find an expression for PS in terms of z, y, sin Sandsin (a + f). [5]
Markscheme

*This sample question was produced by experienced DP mathematics senior
examiners to aid teachers in preparing for external assessmentin the new MAA course.
There may be minor differences in formatting compared to formal exam papers.

METHOD 1
from vertex P, draws a line parallel to [QR] that meets [SR] ata pointX  (M1)

uses the sinerulein APSX M1

PS __ y—z
sin 8 7 sin (180" —a—pf) A1

sin (180" —a — ) =sin (a+ ) (A1)
_ (y2)sinf

PS = sin (a+23) Al

METHOD 2

let the height of quadrilateral PQRS be h

h=PSsina A1l



attempts to find a second expressionforh M1
h=(y—x —PS cos a) tan

PS sina = (y —x — PS cos a) tan 8

writes tan (3 as %, multiplies through by cos and expandsthe RHS M1

PS sin a cos = (y — z) sin § — PS cos a sin

PS = b A1

sin a cos 3+cos « sin 3

_ (y—z)sinp

[5 marks]

[Maximum mark: 21] EXN.1T.AHL.TZ0.11
A function fis defined by f(x) = %ﬂ, xR
(a) Sketch the curve y = f(z), clearly indicating any asymptotes with their

equations and stating the coordinates of any points of intersection with

the axes. [4]

Markscheme
*This sample question was produced by experienced DP mathematics senior

examiners to aid teachers in preparing for external assessment in the new MAA course.
There may be minor differences in formatting compared to formal exam papers.
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y=0

a curve symmetrical about the y-axis with correct concavity that has a local maximum
point on the positive y-axis A1

a curve clearly showing thaty — Oasz — oo A1
(0,2) a1

horizontal asymptote y = 0 (xz-axis) A1

[4 marks]

The region R is bounded by the curve y = f(x), the z-axis and the linesx = 0 and
z = 1/6.Let A be the area of R.

(b) Show that A = @

Markscheme

attempts to find [ m2i2 dz (M1)

— |3 _z_
= [ﬁarctanﬁ} A1

Note: Award M1AO for obtaining [kz arctan \/5] where k # 7

Note: Condone the absence of or use of incorrect limits to this stage.

[4]



=3 (arctan v/3 — arctan 0) (M1)

V2
= Lx5(=7) a
V2
A=Y= AG
[4 marks]

Theline x = kdivides R into two regions of equal area.

(c) Find the value of k. (4]
Markscheme

METHOD 1

EITHER

k
[ Fgde = P
0

242

3 k_ om
ﬁarctan 5 = i (M1)

% (arctan v/3 — arctan %) = @ (M1)

arctan /3 — arctan 4= = %

V2

THEN



METHOD 2

" 3 ve 3

f 242 dz = f 242 dz

0 k

3 k3 _ _k_

ﬁarctan NG (arctan v/3 — arctan NG
k _ 1

arctan NG 6 A1

ko _ nf_ 1

/s = tan 3 (— §) A1

[4 marks]

Let m be the gradient of a tangent to the curve y = f(x).

6z

(d) Show thatm = _W'

Markscheme

attempts to find % (%ﬁ) (M1)

= (3)(-1)(2z) (22 +2) > A1

_ ___ bz
som = @12)° AG

[2]



[2 marks]

(e)

Show that the maximum value ofmisg—g % [7]

Markscheme

attempts product rule or quotient rule differentiation ~ M1
EITHER

dn _ (_6x)(—2)(22) (22 +2) " + (22 +2) 2(—6) A1
OR

242)%(—6)—(—6z z) (z?
(é_m _ (x2+2)"(—6)—(—6 )52)(2 )(z2+2) A1
z (z%+2)

Note: Award A0 if the denominator is incorrect. Subsequent marks can be awarded.

THEN

attempts to express their %_1;1 as a rational fraction with a factorized numerator M1

dm _ 6(z*+2)(32*-2) <: 6(3:,:2—2))

de (z2+2)* (z2+2)*

dm _ gforz M1

attempts to solve their 3~

T = E4/ % A1
from the curve, the maximum value of m occursatx = — \/% R1

(the minimum value of m occursatz = \/%)

Note: Award R1 for any equivalent valid reasoning.



]

maximum value of m is —

leading to a maximum value of % % AG
[7 marks]
[Maximum mark: 8] EXM.1.AHL.TZ0.1
Let f(z) = 1512 for—1 < & < 1.Use partial fractions to find ff(:z;) dz. [8]
Markscheme
1 1 _ A B
1-22 = (1-z)(l+z) — 1-=z + 1+ MiM1A1

=1=A(1+2z)+B(l—2)=A=B=1 MAIA
11
[ +:Lde=Fm(l-2)+4ln(l+2)+c <:1nk %> MIA1

[8 marks]
[Maximum mark: 9] EXM.1.AHL.TZ0.6
2_
Let f (z) = £=M5 g e R,z # —1.
(a) Find the co-ordinates of all stationary points. [4]
Markscheme

, _ (22-10)(z+1)— (2®—10z+5)1
Fi(z) = (z+1)° i

ff(x)=0=2*+2x-15=0=(z+5)(x—3)=0 M

Stationary pointsare (—5, — 20) and (3, —4)  A1A1



[4 marks]

(b) Write down the equation of the vertical asymptote. [1]
Markscheme
z=-1 A1

[1mark]

() With justification, state if each stationary pointis a minimum, maximum or
horizontal point of inflection. [4]

Markscheme

Looking at the nature table

x -5 1 3
f'[.l‘]l +ve | O -ve | undefined | -ve | D | +ue M1A1
(=5, —20)isamaxand (3, —4)isamin  A1A1
[4 marks]
[Maximum mark: 11] EXM.1.AHL.TZ0.2
t
Consider the integral lf ﬁ dx fort > 1.
(a) Very briefly, explain why the value of this integral must be negative. [1]

Markscheme

The numerator is negative but the denominator is positive. Thus the integrand is
negative and so the value of the integral will be negative. R1AG

[1mark]



(b)  Expressthe function f (z) = —— in partial fractions. [6]
Markscheme
-1 -1 _ A B
L= = A+ 2 i

=-1=Az+B(l+z)=A=1,B=—-1 M

-1 1 -1
z+z2 — 14z T A1
[6 marks]

() Useparts(a)and (b) to show thatln (1 +¢) —Int < In2. [4]
Markscheme

t
f 141-90 + _Tldm = [In(1+ 2) —lnw]i =In(14+¢)—Int—1n2 MmM1A1A1
1

Henceln(1+¢) —Int —In2<0=In(1+1¢) —Int <In2 RIAG

[4 marks]
[Maximum mark: 8] EXM.1.AHL.TZ0.4
2246
Let f (2) = oigeimor ¢ € R.
(@)  Showthat f (x) has no vertical asymptotes. [3]
Markscheme

224+ 62+10=224+6x+9+1=(z+3)>+1 MaI

So the denominator is never zero and thus there are no vertical asymptotes. (or use of
discriminantis negative)  R1

[3 marks]

(b) Find the equation of the horizontal asymptote. [2]



Markscheme

x — £oo, f(x) — 0sothe equation of the horizontal asymptoteisy = 0 M1A1

[2 marks]

1
Find the exact value of [ f (z) d, giving the answer in the form
0

Ing, g € Q. [3]
Markscheme
L 1
bf;%dm = [In(z® + 62 +10)], =In17 —In10 =In i M1A1A1

[3 marks]

[Maximum mark: 9] EXM.1.AHL.TZ0.5

Let f (z) = 25212 5 e R,z # —2.

(a) Find all the intercepts of the graph of f (z) with both the z and y axes. [4]
Markscheme
z = 0 = y = —6intercepton the yaxesis (0,-6) Al

202 -52-12=0= (22+3)(z—4)=0=>z=2ord M

intercepts on the x axes are (%3, 0) and (4, 0) A141

[4 marks]

(b) Write down the equation of the vertical asymptote. [1]
Markscheme

r=-2 Al



11.

[1mark]

() Asx — +oo the graph of f (z) approaches an oblique straight line
asymptote.

Divide 222 — 5z — 12 by = + 2 to find the equation of this asymptote. (4]
Markscheme
flz)=22z—9+ L5 MIAT

So equation of asymptoteisy = 2z — 9  MI1A1

[4 marks]

[Maximum mark: 5] 24M.1.AHL.TZ1.2
Itis given thatlogy a = %,wherea > 0.

Find the value of

(@) logy () [2]

Markscheme

loglo ]. - loglo a OR ].Oglo Cl,_l — _loglo a OR ].Og]_o 10_% OR 1093 — 11

103
(A1)
1
=—3 Al
[2 marks]
(b) loglooo a. [3]
Markscheme

1olgolgolg(i)o OR 4 10g;g9p 10 OR log;gg9 v 10007 OR 107 = 1000° (= (10%)7)
(A1)



D80t oR L logyey 10005 OR logygey 10005 OR 3z =1 1)

_ 1
i oom

[3 marks]

24M.1.AHLTZ1.4

12.  [Maximum mark:7]
Consider the functions f(z) = cos zand g(x) = sin 2z, where0 < z < 1.

The graph of f intersects the graph of g at the point A, the point B (% , 0) and the point C
as shown on the following diagram.

.1":

14 A

Find the z-coordinate of point A and the z-coordinate of point C. [3]

(a)

Markscheme

recognising cos * = 2 sin x cos x (m1)

(cos z # 0)sosin z = % OR one correct value (accept degrees) (A1)

x-coordinates % and %H Al



Note: Award (M1)(A1)A0 for solutions of 30° and 150°.

[3 marks]

The shaded region R is enclosed by the graph of f and the graph of g between the points

BandC.

(b)

Find the area of R.
Markscheme

METHOD 1

attempt to integrate £=(cos & — sin 2z)  (M1)

s s
[’ (cosz —sin2z)dz OR [,° (cosz —2sinzcosz)dx
2 2

A1

NE c.,lél“
vl = c,lél“

= [sin T+ % cos 2:3] OR = [sin z — sin? ac}

Note: Award A7 for & correctintegration. Condone incorrect or absent limits up to this
point.

attempt to substitute their limits into their integral and subtract m1

- (sin (%“) + L cos (%“)) - (sin (%) + 1 cos (n)) OR
(sin (%) —sin” (%)) = (sin () s (3))

Note: Award all corresponding marks as appropriate for finding the area between A
and B.

[4]



Accept work done in degrees.

METHOD 2

511

2 5m
[.* cosx dx = [sin z] ‘
2

and fg_ sin2xdz = [—% cOS 21‘] A1
2

NE] c’léln
N mlg‘

Note: Award A7 for correct integration. Condone incorrect or absent limits up to this
point.

attempt to substitute their limits into their integral and subtract (for both integrals)
M1

sin (5%) — sin <%) and — 3 cos (%H) + + cos (m)

attempt to subtract the two integrals in either order (seen anywhere) (m1)

(sin (5%) — sin (%)) — (—% cos (%H) + £ cos (1'[)) OR

51 51

[ coszdx— [ sin2xda
2

_ 1
area = 7 A1

Note: Award all corresponding marks as appropriate for finding the area between A
and B.

Accept work done in degrees.

[4 marks]

13.  [Maximum mark: 5] 24M.1.AHL.TZ1.5
Consider a geometric sequence with first term 1 and common ratio 10.



S, is the sum of the first n terms of the sequence.

(a) Find an expression for S,, in the form “nb_l ,wWherea, b € Z™. [1]

Markscheme

[1mark]

10(10"—1)—9n

(b)  Hence, showthatS; + So +S3+...+ 5, = ST

(4]
Markscheme

METHOD 1
S1+S2+8534+...4+ 5,

_10-1 10%-1 10"—1
=5 t-5-+...F+ 35— (A1)

2 3 n
_ 10-1410°1410° 1441071 g I(01H10P1410° 1+, +10" 1)
= 9 81

attempt to use geometric series formula on powers of 10, and collect —1's together
M1

10(10"—1)

10 + 102 + 10° + ... + 10" = —5—~

and -1—-1—-1...=-—n Al

g1 _ 9( 1
= 1" OR

0(107 -1
T0-1 )*9"

5 Al

Note: Award AT for any correct intermediate expression.

~10(10"—1)—9n
- 81 AG

METHOD 2



attempt to create sum using sigma notation with S, M1

sl (213100 B1
i-1 9 < 9 \i=1 i—1

n
i 10(10"—1)
210 = = A
n
Y1=n Al
i=1

_ l(10(10"71) —n) OR l(lO(lO"fl)an) a1

9 9 9 9
_ 10(10"8—11)—9n P
METHOD 3
let P(n) be the propositionthat.S1 + S2 + S3 + ... + S, = 10(102#
considering P(1):
LHS =5, = 1019’1 =1 and RHS = w =1 andsoP(1)istrue
R1
assume P (k) istrueie S1+ Sy + S3+ ...+ Sy = 10(102# M1

Note: Do not award M7 for statements such as”letn = k" or"n = kistrue”.
Subsequent marks after this M1 are independent of this mark and can be awarded.

consideringP(k +1) :

10(10%—1)—9k +
SI+S2+SB+-..+Sk+1: ( 8]_) +10k91—1

10%71-10—9%+9(10"1)—9
= ] A1

10(10%!—1)—9(k-+1)
81

P(k + 1) istrue whenever P(k) istrueand P(1) istrue,so P(n) istrue ~ R1



(forallintegersn > 1)

Note: To obtain the final R1, the first RT and AT must have been awarded.

[4 marks]

14. [Maximum mark: 6] 24M.1.AHL.TZ1.9
The graph of y = f(|z|) for —6 < 2 < 6isshown in the following diagram.

.1'.:

4_

™
W
=

(@)  Onthefollowing axes, sketch the graph of y = | f(|z|)| for —6 < < 6.



[2]

-6 0 6

44
Markscheme
Y
4.
T L X
—6 0 6
4]

reflection of all negative sectionsin z-axis M1)

approximately correct graph with sharp points (cusps) at z-intercepts A1



Note: Award A7 only if the heights of the maximum in the middle are lower than the
heights of the maximum at the ends.

[2 marks]

Itis given that fisan odd function.

(b)  Onthefollowing axes, sketch the graph of y = f(x) for—6 < = < 6.

-6 0 6

—4]

[2]

Markscheme



A1A1

Note: Award A7 for right hand side unchanged and A7 for rotation 180 ° about the
origin.

[2 marks]

Itis also given thatf04 f(z|) dz = 1.6.

(c) Write down the value of
() [ f(z) da (1]
Markscheme

—-1.6 Al

[1mark]

i) [*,(f(2]) + f(z)) d z. il



Markscheme

32 Al

[1mark]

15.  [Maximum mark: 16] 24M.1.AHL.TZ1.10
Consider the function f(z) = %, x # 2.

(@) Sketch the graph of y = f(x).On your sketch, indicate the values of any

axis intercepts and label any asymptotes with their equations. [5]

Markscheme

'F."n

x=2
y=4
7
i S x
1
2 —1
L

vertical asymptote x = 2 sketched and labelled with correct equation Al



horizontal asymptote y = 4 sketched and labelled with correct equation Al

For an approximate rational function shape:

labelled intercepts —% on x-axis, —1 on y-axis A1A1

two branches in correct opposite quadrants with correct asymptotic behaviour A1

Note: These marks may be awarded independently.

[5 marks]

(b)  Write down the range of f. [1]
Markscheme
y # 4 (orequivalent) A1

[1 mark]

Consider the function g(z) = z? + bz + c.The graph of g has an axis of symmetry at
T =2.

The two roots of g(z) = O are —% and p,wherep € Q.

(c) Show thatp = . [1]

Markscheme

_1
2+ 53 OR (—3)+2x2 OR 32 =20R -4=—p+4 M
p=% 46
[1mark]

(d) Find the value of b and the value of c. (3]



Markscheme

METHOD 1

attempt to substitute both roots to form a quadratic (M1)

EITHER

@+ 4) (- $) or ot~ (44 §at (4

|
N—"

::1:2—41:—% A1A1

)

(b:—4,c:—

N}

Note: Award A7 for each correct value. They may be embedded or stated explicitly.

OR
(20 +1)(2x — 9) = 4(a% —dz — )

b=—-4,c=-2 M

Note: Award AT for each correct value. They must be stated explicitly.

METHOD 2
~2=20R4+b=0=b=-4 A

attempt to form a valid equation to find c using their b M1)

(-4)" 4 ~4(-4) +e=0 0r (§)° + —4(

|

)+c:0

_ 9
C——Z Al



METHOD 3

attempt to form two valid equationsin band ¢ (m1)

oo

(-4) +8(=3) +e=0, (3)° +0(3) +e=0

9
b:—4,C:—Z A1A1

METHOD 4

attempt to write g(z) in the form (z — h)* 4 kand substitute for z, hand g(z)
(M1)

2
(-1 -2’ +k=0=k=_2

Note: Award A7 for each correct value. They may be embedded or stated explicitly.
[3 marks]

(e)  Findthe y-coordinate of the vertex of the graph of y = g(z). [2]
Markscheme

attempt to substitute z = 2 into their g(x) OR
complete the square on their g(z) (may be seen in part (d)) (M1)

[2 marks]

(f)  Findthe product of the solutions of the equation f(z) = g(z). [4]



Markscheme

Tr=(e+3)(z-3) R T =at—dr— g

attempt to form a cubic equation M1)

EITHER
dz+2=(z—2)(z+35)(z— %) OR dz+2= (z* — 4z — §)(z —2) OR
(z—2)(z+3)(z— %) —42—2 OR (z—2)(z? — 4z — ) — 4z — 2

4.+

oot

(=0) OR 4z3 +...+10(=0)  (A1)A1)

Note: Award (41) for each of the terms z3 and % or4z* and 10. Ignore extra terms.

GRS (=1)°x10
productofroots-( T 2) OR ( 7\ )

A1

no|on

OR

it d) =@t -3
r=—35 (A1)

ord=z2*+... +9=>22+...+5=0
product of roots of quadraticis 5 (A1)
productis therefore —% )

Al

I
|

[4 marks]



16.  [Maximum mark: 17] 24M.1AHLTZ1.11
Consider the polynomial P(z) = 3z3 + 522 + = — 1.

(@)  Showthat(z + 1) isafactorof P(z). [2]
Markscheme

attempt to substitute —1 into P(z) OR use of synthetic division OR long division

M1
3 5 1 41

3(-1)* +5(-1)° + (1) -1 =0 0R -1 | 302 1

'3 2 10
OR Math input error A1
[2 marks]

(b)  Hence, express P(z) as a product of three linear factors. [3]

Markscheme

attempt to divide P(x) by (z + 1) e.g. using long division or synthetic division
(M1)

P(z) = (z+1)(3z* +2z —1) (A1)
= (z+1)(z +1)(3z — 1)(: (z +1)*(3z — 1)) A1

[3 marks]

Now consider the polynomial Q(z) = (z + 1)(2z + 1).

() Express ﬁ in the form a%;l + Te_l,where A, BeZ. [3]

Markscheme

G =TT et = 1= ARz + 1)+ B(z + 1)



attempt to equate both coefficients OR substitute two values eg —1 and —% M1)
24+ B=0andA+B=1O0R 1=—-A4andl = 4B

A= —-1and B =2 Al1A1

Note: Award A1 for each value.

1 _ 12
@+1)(2z+1)  z+1 | 2z+1

[3 marks]

: 1 _ _4 2 1
(d) Hence, or otherwise, show that EEE = A T w T @i

Markscheme

1
(z+1)(z+1)(22+1)

= (wr tma) @

_ 1 2 _ 1 1 2
T (@)’ + (2z+1)(z+1) <_ " (a+1)? + 2(_ P e P )) a1

__4 2 1
T 2241 z+1 (z+1)* AG

Note: Award A740 for follow through from incorrect values in part (c).

[2 marks]
S S
(e)  Hence, find [ TP @) dz.
Markscheme
attempt to integrate atleast one termin (ﬁ - %H - ﬁ) (m1)

f(2mi1 o mil o (zj1)2) dz

[2]

[4]



=22z +1]-2In|z+ 1+ L5 (+c) A1
Note: Award A7 for each correct term.

Award a maximum of M74140A1 if modulus signs are omitted.
Condone the absence of +c.

[4 marks]

P(z)

Consider the function defined by f(z) = Ok

wherez # —1, = # —%.

Find

(fi) lim f(z);

z——1
Markscheme

METHOD 1

attempt to cancel factors and substitute x = —1 M1)

lim f(z) = lim (W) — lim (&=1) = 3(-1)—1

z——1 21\ (z+1)*(2z+1) g——1" 22+l

=4 Al

METHOD 2

attempt to expand denominator, differentiate numerator and denominator twice and
substitutex = —1 m1)

i i S 45z o : 2 : 18(—1)+10
lim f(z) = lim (3zbz ta—1 )\ _ iy (2210241 ) _ [y (182410 _
1 f( ) p—1 2x3+5x2+4x+1 a1 622+10z+4 a:—>—1( 122110 ) 2(-1)+10

=4 A1

[2 marks]

[2]



17.

(fii)  lim f(=). [1]

T— 00

Markscheme

METHOD 1

attempt to consider coefficients of 2> or divide all terms by x>

. T 33+, .. : 3+terms which tend to 0
lim f(z) = lim ( 2ms+.,,) or lim (5 ferme which tend 100)
_3
=3 m
METHOD 2

attempt to cancel factors and consider coefficients of x or divide all terms by x

lim f(z) = lim (M) = lim (‘;’i—;}) or lim (37%>

T—00 T—00 ($+1)2(2~’0+1) T—00 z—oo \ 2+
_ 3

=3 Al

METHOD 3

attempt to expand denominator, differentiate numerator and denominator three

times

: _ 1 334522 +z—1 _ 1 922410241 \ _ 13 18z+10\ _ 13 18
}g{; flz) = fclggo(213+5m2+4x+1 - }ggo 6aT 1004 ) — 1 (d25110) = lim (33)

[y

3
i oom

Note: If the M1 has not been awarded in part (i) it can be awarded in part (ii).

[3 marks]

[Maximum mark: 4] 24M.1.AHL.TZ2.1
Solvetan (2 —5°) = 1for0°< x < 180°. [4]



Markscheme

tan~! 1 = 45° orequivalent  (41)

attempt to equate 2 — 5° to their reference angle M1)

Note: Do notaccept2z — 5°= 1.

2z — 5°=45°,(225°)

z=25°,115°  A1A1

Note: Do not award the final A7 if any additional solutions are seen.

[4 marks]

18.  [Maximum mark: 7] 24M.1.AHL.TZ2.7
Afunction g(z) is defined by g(z) = 223 — 722 + dz — e, whered, e € R.

a, [andyare the three roots of the equation g(z) = Owhere a, 3, v € R.
(@)  Write down thevalueof a + 8+ 7. [1]

Markscheme

atpB+y=% A

[1mark]
Afunction h(z) is defined by h(z) = 22° — 112* 4+ 723 + s2* + tz — 20, where
r, s, teR

a, [andyarealso roots of the equation h(z) = 0.



Itis given that h(z) = 0 is satisfied by the complex number z = p + 3i.
(b)  Showthatp = 1. [3]

Markscheme

p — 3iisalso aroot (seen anywhere) A1

recognition of 5 roots and attempt to sum these roots M1)

p+3i+p—3i+ L
p+3i+p-3i+L =45 A
p=1 AG

[3 marks]

Itis now given thath(%) =0,anda, BE€ZT, a < Bandy € Q.

(ci)  Find the value of the product af. [2]
Markscheme

attempt to find product of 5 roots and equate to £10 (M1)
(1+3i)(1 - 3i)+aB =10
af=2 A1

[2 marks]
(cii)  Write down the value of a and the value of 3. [1]

Markscheme

a=1landf=2 A1

[1mark]



19. [Maximum mark: 6] 24M.1.AHL.TZ2.8

sec4 iB*COS2 T

Use I'Hopital’s rule to find lim ~————7—. 6]

z—0

Markscheme

Note: To award full marks limit notation lir% must be seen at least once in their
Tr—r

working. If no limit notation is seen but otherwise all correct, do not award the final A1.

: 4 sec? z tan z+2 sin x cos
glvlif[(l) 4232z A1

Note: Award A7 for numerator and A7 for denominator.

4 9 6.0 i 02 2
16sec’z tan® x+4sec®z—2 sin” x+2 cos” z M1A1AT

= lim 12222

z—0

Note: Award M1 for second use of I'HOpital’s rule providing their expression is in
indeterminate form as x — 0 and providing there is no third attempt at using
I'Hopital’s Rule.

=-3 Al
[6 marks]
20. [Maximum mark: 16] 24M.1.AHL.TZ2.10

Consider the arithmetic sequence a, p, q...,wherea, p, ¢ # 0.

(a) Show that2p — g = a. [2]

Markscheme



attempt to find a difference (m1)
d=p—-—a,2d=q—a,d=q—p ORp=a+d,g=a+2d,qg=p+d
correct equation Al

a+q

p—a=q—p OR g—a=2(p—a) OR p= — (orequivalent)

2p—q=a AG

[2 marks]

Consider the geometric sequencea, s, t...,wherea, s, t # 0.

(b)  Showthats® = at. [2]
Markscheme

attempt to find a ratio M1)

r=2 =L r=L1 OR s=ar,t=ar’t=sr
a a S
correct equation Al

(%)2 _ % OR % = %(orequivalent)

[2 marks]

The first term of both sequencesis a.

Itisgiventhatg =t = 1.

(0 Show thatp > % [2]
Markscheme

EITHER

2p — 1 = s (orequivalent) A1



(s2>0)=2p-1>00R s=+2p - 1=2p—1>0 OR p= <L (and

s2>0)0 R1

OR
2p—1=aands>=a A1
(s> >0,50)a>0=2p—1>0 OR p2 anda > 0

=p>3 4G

Note: Do not award AOR1.

[2 marks]

Considerthe case wherea =9, s > 0andg=1¢ = 1.

(d) Write down the first four terms of the

(d.i)  arithmetic sequence;
Markscheme

9,5,1,—3  AIAT

Note: Award A1 for each of 2"9 term and 4t term
[2 marks]

(d.ii) geometric sequence.
Markscheme

9,3,1,%  AIAI

R1

[2]

[2]



Note: Award A7 for each of 2"9 term and 4" term

[2 marks]

The arithmetic and the geometric sequence are used to form a new arithmetic sequence ur,.

The first threetermsof upareu; =9+ In 9, ug =5+ 1In 3,anduz =1+ 1n 1.

(ed)  Find the common difference of the new sequence in terms of In 3.
Markscheme

attempt to find the difference between two consecutive terms M1)

d=us—u1 =5+mn3—-9-MmM9ORd=uz—u2=1+In1—-5—-In3

nN9=2In3 ORInNl1=00RIN3—-In9=1In %(:1n3_1 :—ln3) (seen
anywhere) (A1)

d=-4—-In3 Al

[3 marks]
(edi)  Showthat 321°, = —90 — 25 In 3.

Markscheme

METHOD 1
attempt to substitute first term and their common difference into S M1)

22949 +9(—4—1In3)) OR L(2(9+2In3)+9(—4 —In 3)) (or
equivalent) Al

= 5(—18 — 5 In 3) (orequivalentintermsofIn 3) A1

10
Yu;=-90-25In3 4G

(3]



METHOD 2

up=9+mMn9+9(—4—-In3)(=—-27+1In9—91n 3)

attempt to substitute first term and their ug into Sy M1)
P209+n9)+9(-4-1n3)) OR L (9+mn9—27+In9—91n3) OR

D(209+2In3)+9(—4—-1n3)) OR 2L(9+In9—27—71n3) (or
equivalent) Al

= 5(—18 — 5 In 3) (orequivalentintermsofIn 3) A1

10
Tu; =90 -25In3 46

[3 marks]
21. [Maximum mark: 6] 23N.1.AHL.TZ14
In the following triangle ABC,AB = v6 ¢cm, AC = 10 cmand
cos BAC = %
diagram not to scale
B
\/ECH']
A C
10cm
Find the area of triangle ABC. [6]
Markscheme
METHOD 1
EITHER

attempt to use Pythagoras'theorem in a right-angled triangle. M1)



(Ve =)vad

OR

attempt to use the Pythagorean identity cos’a+sin’a=1 mM1)
sin? BAC =1 (3)*

THEN

sin BAC = % (may be seen in area formula) A1

attempt to use 'Area= % ab sin C" (mustinclude their calculated value of sin BKC)
(m1)

=1 x10xv6 x Y24 (A1)

=12 (cm?) A1

[6 marks]

METHOD 2

attempt to find perpendicular height of triangle BAC (m1)
EITHER

height = /6 x sin BAC

2

attempt to use the Pythagorean identity cos? o + sin® o = 1 (M1)
height = v/6 x /1 % (A1)
V24 (_
6 x Y2 (=12) A1
OR
adjacent = % (A1)
attempt to use Pythagoras'theorem in a right-angled triangle. M1)

height = 4/6 — 2% (: %) (may be seen in area formula) (A1)



22,

THEN

attempt to use 'Area= %base x height' (mustinclude their calculated value for
height) M1)

=+ x10x 42
=12 (cm?) Al

[6 marks]

[Maximum mark: 5] 23N.1.AHL.TZ1.7
Itis given that z = 5 + qi satisfies the equation 22 + iz = —p + 25i, where
p,q €R

Find the value of p and the value of gq. [5]
Markscheme

METHOD 1
attempt to substitute solution into given equation M1)
(5+qi)> +i(5 + qi) = —p + 25i

25 — q% +10gi — g+ 5i+ p — 25i = 00R 25 — ¢ + 10gi — g + 5i = —p + 25i
Al

25 —q>+p—q+ (10g — 20)i =0
attempt to equate real orimaginary parts: mM1)
10g —20 = 00R25 — g +p—q=0

q=2,p=-19 A1A1

METHOD 2

22 4iz+p—25=0



sum of roots = —1, product of roots = p — 2bi m1

onerootis (5 4 gi) so otherrootis (—5 — gi — i) A1

product (5 + qi)(—5 — ¢i —i) = —25 — 5qi — 5i — 5qi + ¢ + ¢ = p — 25i
equating real and imaginary parts for product of roots M1)

Im:—25 = 10g — 5Re:p = —25 4+ ¢% + ¢

q=2,p=-19 A1A1

[5 marks]

23. [Maximum mark: 9]
(@  Find [z (In z)° dz

Markscheme
METHOD 1
attempt to integrate by parts m1)
u= (Inz)%dv = zdz M1)
2 2
fm(lnw)Zdwzw—fwlnwdm A1
attemptto integrate  In x by parts,withu = In « m1)
fmlnwdm:[#—f%dm] A1

z2(In x)*

[z (In 2)* dz = =5 —[mzénw—f%dm]

2 2
=zld _She gy B(ie)  pm

[6 marks]
METHOD 2 (knowing [ In zdz = z Inz — z)

attempt to integrate by parts M1)

23N.1.AHL.TZ1.8
[6]



u= x In z,dv=1n zdz m1)

Jzlnz(Inz)dz = zlnz(zlnz —z)— [Inz+1)(zlh z —z)dz
Al

:mlnx(mlnw—m)—fa:(lnm)zda:+fmdm A1

2I:wlnx(xlna:—a:)+%2+c M1

2

2
[=2le) _a'hs g2y g

[6 marks]

METHOD 3 (knowing [ z In z dz)

_ z*(nzx) z2
f:z: In zdx = s

attempt to integrate by parts M1)

u= Inz, dv=2zlnzdzx M1)

J(zlnz)ln zdz=Inz (wz(lgm) —%2) _f%<“’2(1;”’) _ %)dm
—In 2 <m2(1211w) _mTZ) _f(ac(hzlm) - %)dm 11

2
zlnm<$(?m)—§)——m2f”+g—2+% Al

[6 marks]

(b)  Hence, show that f14 z(In z)’dz = 32(In 2)> — 16 In 2 + L

Markscheme
attempt to substitute limits into their integrated expression (m1)
z? (In 2?) 2] 2] 4 - 2 1
Loy ] C— (sin 4)?-8ld+4) - (4)

attempt to replace any In 4 term with 2 In 2 m1)

Al

[3]



—8(2In2)”*—-8(2In2)+4—+

=32(In2)> - 162+ 46

[3 marks]

24, [Maximum mark: 8]

23N.1.AHL.TZ1.9

Consider the function f(z) = Sinf;#,wherem # 0andk € R™.

(a) Show that fisan even function.

Markscheme
sin?(—kz

f(_m) - (_(x)z ) M1

(— sin(kz))?
— Al

(—z)®

= ) — (f(x))
hence f(x)iseven AG
[2 marks]

(b)  Giventhat liné f(z) = 16, find the value of k.
T—

Markscheme

METHOD 1

Noting that lim(f(z)) = %
z—0

attempt to differentiate numerator and denominator:

lim(f(z)) = lim (2ksinke coske ) (

z—0 z—0

(evaluatesto %) and attempts to differentiate a second time:

[2]

[6]

M1

Al

m1



_ 111%( 2k? (cos? k;cfsin2 kz) ) (: 111%( 2k2 c025 2kz )) — k2 A1
z— z—
(k2 =16 =)k =4 A1

Note: Award relevant marks, even if 'lim'is not explicitly seen.
z—0

METHOD 2
attempt to expresssin (kz) asa Maclaurin series M1

sin (kx) =kx (+...)

sin? (kz) = k?z? (+...) A1
lim (sin2 (kz) ) _ llm( k2z? (+...) ) M
z—0 x? z—0 a?
= liII(l) (k2 + terms in m) R1
T—

Note: This R7 is awarded independently of any other marks.
= k? A1
(k* =16 =)k =4 Al

Note: Award relevant marks, even if 'lir%'is not explicitly seen.
T—r

METHOD 3

splitting function into (S2EL ) (SLEZ ) and ysing limit of product = product of limits

m1)
lim(s’inr;#) = 1im(sinmﬂ) « lim(sinmkz) 1
20 z—0 z—0
EITHER

using L' Hopitals rule (M1)



25.

111’11( sinack:l:) _ hm( k cos kx ) =k (A1)

OR
using Maclaurin expansion for sin kx (M1)

sin (kx) = kx (+...)

The graphsof y = f(x) andy = g(z) intersect at two distinct points.

lim< sin (km)) =lim (£t=) = lim(k + terms in z) = k (A1)
z—0 z z—0 z z—0
THEN
hencelim (M) =kxk=k A1
z—0 z
k> =16 = k= 4(k > 0) a1
Note: Award relevant marks, even if 'liII(l)'iS not explicitly seen.
T—
[6 marks]
[Maximum mark: 15] 23N.1.AHL.TZ1.10
The functions f and g are defined by
_ 9
f(z) =1In (2z — 9),wherez >
g(z) =2Inz —Ind wherez >0, d € R".
(@) State the equation of the vertical asymptote to the graph of y = g(x). [1]
Markscheme
z=0 Al
[1mark]



(bi)  Show that, at the points of intersection, 2 — 2dx + 9d = 0. (4]

Markscheme
settingln(2z —9) =2lnz —Ind M1
attempt to use power rule (M1)

2In z = In 22 (seen anywhere)

attempt to use product/quotient rule for logs M1)

In(2z — 9) = In 2 ORln 3 = IndORIn(2z — 9)d = In >

Z. — 9z —9OR 72~ = dOR (2z — 9)d = z° AT
z? —2dx+9d =0 AG

[4 marks]
(b.ii) Hence show thatd? — 9d > 0. (3]

Markscheme

discriminant = (—2d)2 —4x1x9d (A1)

recognizing discriminant > 0 M1)

(—2d)* —4 x 1 x 9d > 00R (2d)* — 4 x 9d > 0OR4d? — 36d > 0 A1
d>—9d >0 AG

[3 marks]
(b.iii) Find the range of possible values of d. [2]

Markscheme

setting d(d — 9) > 00ORd(d — 9) = 0 OR sketch graph

OR sign testOR d2 > 9d (M1)



d < 0ord > 9,butd € R™
d > 9(or]9, ool) A1

[2 marks]

The following diagram shows part of the graphsof y = f(x) andy = g(z).

The graphsintersectatz = pand z = g, wherep < q.

(0) In the case where d = 10. find the value of ¢ — p. Express your answer in
the form of av/b, where,a, b € Z+. [5]
Markscheme
z? — 20z + 90 (= 0) A1
attempting to solve their 3 term quadratic equation M1)
2041/ (—20)*—4x1x90
((x—l())z—lO:O)or ((w:) \/( 2) - )
=10 — +/10(= p) orz = 10 + /10(= q) (A1)
subtracting their values of « M1)

distance = 24/10 A1



(a=2, b=10)

Note: Accept 14/40 OR v/40.

[5 marks]
26. [Maximum mark: 6] 23M.1.AHL.TZ1.3
Solve cos 2x = sin x, where —m < < 7. [6]
Markscheme
1—2sin’z=sinz Al

2sinz+sinz—1=0
valid attempt to solve quadratic (m1)

(2 sin ¢ — 1)(sin z + 1) OR =221 V1-4(2)(-1)

2(2)
recognition to solve forsin x M1)
sin ¢ = %ORsinm =—-1
any correct solution fromsin £ = —1 A1

Al

)=

any correct solution fromsin ¢ =

Note: The previous two marks may be awarded for degree or radian values,
irrespective of domain.

Note: If no working shown, award no marks for a final value(s).

Award A0 for — 3, &, %” if additional values also given.



[6 marks]

[Maximum mark: 5] 23M.1.AHL.TZ1.6

The side lengths,  cm, of an equilateral triangle are increasing at a rate of

4 cm st

Find the rate at which the area of the triangle, A cm?, is increasing when the side
lengths are 5v/3 cm.

[5]

Markscheme

— 2= (5)" (= F2) @

= %xz ﬁ) OR A = %m(‘/g w) (: ﬁ:ﬂ) A1

=

Note: Award A forsin § = 23 .This may be seen at a later stage.

attempt to use chain rule or implicit differentiation M1)

dA dA dz

@ T de N dt

T T4

:24£><5\/§><4

dA _ V3 dz opdA _ 1 om do
x 2xGF OR 5% = 5 X sin § X 2z (A1)

dd—‘g =30 (cm2 s_l) A1



Note: Award a maximum of (A1)A1(M1)(A0)A1 for a correct answer with incorrect
derivative notation seen throughout.

[5 marks]

28. [Maximum mark: 6] 23M.1.AHL.TZ1.7
ConsiderP(z) =4m — mz+ 3_7222 — 23, where z € Candm € R™.

Given that z — 3iisa factor of P(z), find the roots of P(z) = 0. [6]
Markscheme

METHOD 1
3i(isaroot) Al

(other complexrootis) —3i Al

Note: Award A1A1 for P(3i) and P(—3i) = 0 seen in their working.

Award AT for each correct root seen in sum or product of their roots.

EITHER

attemptto find P(3i) = 0or P(—3i) =0  (M1)
dm — 3mi+ 38 (31)* — (31)> = 0

dm — 3mi— 28(-9) + 27 =0

attempt to equate the real orimaginary parts m1)
27 —3m = 00R9 x £ —4m

OR



attempt to equate sum of three roots to % M1)

Note: Accept sum of three roots set to — %.

Award Mofor stating sum of roots is i—%.

3i—3i+r= %(:w: %)
substitute their r into product of roots ~ (M1)
(31) (~31) (2) = 4mOR (22 +9) (£ — 2)
9x 8 —ymorim — 3

OR

attempt to equate product of three roots to 4m

Note: Accept product of three roots set to —4m.

Award Mo for stating product of roots is +4m.

(31) (—3i) X r= 4m(:> r= 47"‘)
substitute their 7 into sum of roots M1)

31— 3i+ 4 = 38 OR (22 4 9) (4 —2)

4dm _ 36

9 T m
THEN

m=9 (A1)

third rootis 4 Al

METHOD 2

m1)



3i(isaroot) Al
(other complexrootis) —3i Al

recognition that the other factor is (z + 3i) and attempt to write P(z) as product of
three linear factors or as product of a quadratic and a linear factor (M1)

P(z) = (2 — 3i)(z+ 3i)(r — 2) OR
(z—3i)(2+3i) =22+ 9= P(2) = (z2+9)(4Tm—z)

Note: Accept any attempt atlong division of P(z) by 22 + 9.

Award MO for stating other factor is (z + 3i) or obtaining 22 + 9 with no further

working.

Attempt to compare their coefficients M1)
_ 4m __ 36
m=9 (A1)

third rootis 4 Al

Note: Award a maximum of A0A0(M1)(M1)(A1)A1 for a final answer
P(z) = (z— 3i)(z + 3i)(4 — z) seen or stating all three correct factors with no
evidence of roots throughout their working.

[6 marks]

29. [Maximum mark: 19] 23M.1.AHL.TZ1.11
Consider the following diagram, which shows the plan of part of a house.

diagram not to scale



6m

—1m

A narrow passageway with %m width is perpendicular to a room of width 6 m.Thereisa
corner at point C. Points A and B are variable points on the base of the walls such that A,
Cand B lie on a straightline.

Let L denote the length AB in metres.

Let o be the angle that [AB] makes with the room wall, where 0 < a < 3.
(a) Show that L = %sec a + 6 cosec a.

Markscheme

L=AC+CB

3

%:cosa(iAC: i AC=3

cos a 4

sec a) A1

6

ﬁzsina(éCBz 6

sin a

= CB = 6 cosec a) Al

soL = %seca+6coseca AG

[2 marks]

(bi)  Find &

(2]



[1]

Markscheme

j—g = %secatana—Gcosecacota Al
[1mark]
(b.ii)  When % = 0,show thata = arctan 2. [4]
Markscheme
attempt to write % in terms of sin ¢, cos a ortan a (may be seenin (i)) (M1)
dr %sina _ 6cosa RM o %tana - 6 o %tan?’a—ﬁ
da = cos?a sin? a da =  cosa sinacosa \~  cosatan? o
dL

w =0= %sin3 o — 6cos® a = 0OR %tam3 a — 6 = 0 (orequivalent) (A1)
tana=8 A1
tan a = 2 A1

o = arctan 2 AG

[4 marks]

. . 2
(ci)  Find %. (3]
Markscheme

attempt to use product rule (at least once) M1)

2
galé = %sec a tan o tan o + %sec o sec? o

+6 cosec a cot a cot o + 6 cosec o cosec? o A1A1



2

Note: Award A7 for %sec o tan o tan o + %sec o sec” ocand A1 for

+6 cosec a cot a cot a + 6 cosec a cosec? a.

Allow unsimplified correct answer.

2
(galg = 3sec a tan? a + 2sec® a + 6 cosec o cot? a + 6 cosec? a)

[3 marks]

(cii)  When a = arctan 2, show that d—L = %75\/3. (4]

Markscheme

attempt to find a ratio other than tan a using an appropriate trigonometric identity
OR arighttriangle with at least two side lengths seen M1)

Note: Award M0 for o = arctan 2 substituted into their 9% with no further progress.

‘da?

one correctratio (A1)

_ JF _ 5 _ 1 _ L no— 2
seca—\/SORcoseca— 5 ORcotOc—QORcosoz—\/SORsmoz—\/5

Note: M7AT may be seen in part (d).

%( ) ) + %( >+ (@)(%)2—|—6(\/Tg>3(orequivalent) A2
R e

Note: Award A7 for only two or three correct terms.



Award a maximum of (M1)(A1)A1 on FT from c(i).

[4 marks]

(d.i)  Hence,justify that L isa minimum when a = arctan 2.

Markscheme

d?L .
o 0 OR concave up (or equivalent) R1

(and % = (0,when o = arctan 2, hence L isa minimum)
[1mark]

(d.ii) Determine this minimum value of L.

Markscheme

o

(Loin =) 4 (vB) +6(2F) @0

_ 15V
= Al

[3 marks]

Two people need to carry a pole of length 11. 25 m from the passageway into the room. It

must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer.

[1]

[2]

[2]



30.

Markscheme

(11. 25 :> %;/5 > %\/5 (or equivalent comparative reasoning) R1

the pole cannot be carried (horizontally from the passageway into the room) Al
Note: Do not award ROAT.

[2 marks]

[Maximum mark: 6] 23M.1.AHL.TZ1.5
The function fisdefined by f(x) = sin gz, where ¢ > 0.The following diagram shows

part of the graph of f for0 < x < 4m, where z isin radians.There are z-intercepts at

x = 0,2mand4m.

(@) Find an expression for m in terms of q. [2]

Markscheme

recognition that period is 4m OR substitution of a pointon f (except the origin)
M1)



4m:2T”OR1:sinqm

m:%q Al

[2 marks]
The function gis defined byg(:r:) = 3sin 2ngc,forO <z < 6m.

(b) On the axes above, sketch the graph of g.

Markscheme

horizontal scale factoris % (seen anywhere) (A1)

Note: This (A7) may be earned by seeing a period of 6m, half period of 3m or the
correct x-coordinate of the maximum/minimum point.

J.'

m

ATA1A1

Note:

Curve must be an approximate sinusoidal shape (sine or cosine).
Only in this case, award the following:

A1 for correct amplitude.

A1 for correct domain.

AT for correct max and min points and correct z-intercepts.

[4]



31.

[4 marks]

[Maximum mark: 14]
Consider the arithmetic sequence w1, U9, ug, ... .

The sum of the first n terms of this sequence is given by S,, = n? + 4n.

(a.)  Findthe sum of the first five terms.
Markscheme

recognition thatn = 5 m1)

Sy =45 A1

[2 marks]

(aii) Giventhat Sg = 60, find ug.
Markscheme
METHOD 1

recognition that S5 + ug = Sp (M1)

Ug = 15 A1

METHOD 2
recognition that 60 = %(51 + u6) m1)

60 = 3(5 + ug)

23M.1.AHL.TZ1.10

[2]

[2]



Ug = 15 Al

METHOD 3
substituting their uy and dvaluesintou; + (n —1)d ~ (M1)

Ug = 15 A1

[2 marks]

(b) Find u;. [2]
Markscheme

recognition thatu; = S7 (may be seen in (a)) OR substituting their ug into S M1)
OR equations for S5 and Sg in terms of u; and d
1+4O0R 60 =< (Up + 15)

Uy =95 A1

[2 marks]

(c) Hence or otherwise, write an expression for u,, in terms of n. [3]
Markscheme

EITHER

valid attempt to find d (may be seen in (a) or (b)) (m1)
d=2 (A1)

OR

valid attemptto find S, — Sn—1 m1)



n4+4n— (n® —2n+1+4n—4) @A)
OR

equatingn? + 4n = 5 (5 + un) M1)

2n + 8 = 5 + u,, (orequivalent) (A1)
THEN

U, =5+2(n—1)ORu, =2n+3 Al

[3 marks]

Consider a geometric sequence, v, where v2 = u1 and v4 = us.

(d) Find the possible values of the common ratio, r.
Markscheme

recognition that 'U27°2 = v4 OR (113)2 = V9 X U4 M1)
r2 =3 OR vg = (:I:) 5v/3 (A1)

r=4v3 Al
Note: If no working shown, award M14140 for V3.

[3 marks]

(e) Given thatvgg < 0, find vs.
Markscheme

recognition that r is negative M1)

[3]

[2]



32.

vy = —15V3 (= —42)

[2 marks]

[Maximum mark: 7] 23M.1.AHL.TZ1.8

Part of the graph of a function, f,is shown in the following diagram.The graph of
y = f(z) hasay-interceptat (0, 3),an z-interceptat (a, 0) and a horizontal asymptote

y= —2.

]

e

e e e e  —  —  — — — —  ———— — —

Consider the function g(x) = | f(|z|)|.

(a) On the following grid, sketch the graph of y = g(x), labelling any axis
intercepts and giving the equation of the asymptote.



>

Markscheme

attempt to reflect f in the « OR y axis mM1)

ATA1A1

Note: For a curve with an approximately correct shaped right-hand branch, award:
A1 for correct asymptotic behaviourat y = 2 (either side)

A1 for correctly reflected RHS of the graph in the y-axis with smooth maximum at
(0, 3).

[4]



A1 for labelled x-intercept at (—a, 0) and labelled asymptote aty = 2 with sharp
points (cusps) at the z-intercepts.

[4 marks]

(b) " Find the possible values of k such that <g(ar:))2 = k has exactly two

solutions.
[3]
Markscheme
k=0 M

Note: If final answer incorrect, award A7 for critical values 4 and 9 seen anywhere.

Exception to FT:
Award a maximum of A0A2FT if their graph from (a) is not symmetric about the y-axis.

[3 marks]

33.  [Maximum mark: 6] 23M.1.AHL.TZ2.4
The following diagram shows part of the graph of y = forx > 0.

T
242



S
-

R [6]

L'

The shaded region R is bounded by the curve, the z-axis and the linez = c.
Theareaof Risln 3.

Find the value of c.

Markscheme

A= [Esde
0

EITHER

attempts to integrate by inspection or substitution usingu = z2 + 2 oru = x>

M1)

Note: If candidate simply statesu = 22 + 2 oru = 2, but does not attempt to
integrate, do not award the (M1).

Note: If candidate does not explicitly state the u-substitution, award the (M7) only for
expressions of the form k In w or k In(u + 2).

“ OR [Ln (22 +2)]C a1

[Linu]S " OR [Lin (u+2)]

2



Note: Limits may be seen in the substitution step.

OR

attempts to integrate by inspection M1)

Note: Award the (M1) only for expressions of the form k In (w2 + 2).
(3l (2 +2)], A1

Note: Limits may be seen in the substitution step.

THEN

correctly substitutes their limits into their integrated expression M1)
%(ln (02 + 2) —In 2) (: In 3) OR %ln (02 + 2) — %ln 2 (: In 3)
correctly applies at least one log law to their expression M1)

%ln(czTJrz) (: In 3) ORInvec2+2—1n+v2 (: In 3) OR ln(c27+2) =In9

OR In (c2+2)—1n2—1n9 OR In 62—;2<:1n3> OR ln,/%(:ln?))

Note: Condone the absence of In 3 up to this stage.

2 —9OoRy\/H2 =3 A1



Note: Award A0 for ¢ = +4 as a final answer.

[6 marks]

34. [Maximum mark:7] 23M.1.AHL.TZ2.8
The functions f and g are defined by

flz) =cosz,0<z< 5
g(z) =tanz,0 <z < 7.

The curvesy = f(x) andy = g(z) intersect ata point P whose z-coordinate is k, where

0<k<3.

(@)  Showthatcos? k = sin k. [1]
Markscheme
cos k= 2:)‘;];; A1

cos’ k = sink AG

[1mark]

(b)  Hence, show that the tangent to the curve y = f(z) at P and the tangent
to the curve y = g(x) at P intersect atrightangles. [3]

Markscheme

f1(k) = —sin kand g/ (k) = sec’k Al

Note: Award A7 for f/(z) = — sin z and g/(x) = sec’ .



EITHER

fr(k)gr(k) = -5 M

cos? k =sin k = f/(k:)g/(k) (: — Si“k) =—-1 R

sin k

OR
g(k) == M

cos’ k=sin k = 9’(k> = ﬁ - f/%k) i

1
g/(k)

Note: Accept showing that fl(k) =

Note: Allow 'backwards methods’ such as starting with f/ (kz) = — ﬁ leading to

cos? k = sin k.

THEN

= the two tangents intersect at rightangles at P AG
Note: To obtain the final R1, all of the previous marks must have been awarded.

[3 marks]

(0) Find the value of sin k. Give your answer in the form a+c‘/l—’ ,where a,

cEZandbeZ. (3]

Markscheme

1 — sin? k = sin k (frompart(a)) A1

sink+sink—1=0



attempts to solve forsin k (M1)

sin k =

—14+/12=4(1)(—1)
2

(for0 < k < %,sink>0):sinl~c:_1+\/3 Al

(a=-1,b=5,c=2)
Note: Award 40 if more than one solution is given

[3 marks]
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