Definite integrals [47 marks]

1. [Maximum mark: 6] 24M.1.AHL.TZ1.6
The function fisdefined as f(x) = \/a: sin (z2), where

0<z<4/m

Consider the shaded region R enclosed by the graph of f, the x-axis

andthelinex = 4 as shown in the following diagram.

The shaded region R is rotated by 21 radians about the x-axis to form

a solid.

I 2—\/5)

Show that the volume of the solid is — [6]
Markscheme

METHOD 1



attempt to find an integral involving 11 and the square of f(x)

Note: Condone incorrect or absent limits for this M1.

2 oF (@) da

N
nf,? sin (:cz) dx a1

EITHER

attempt to use integration by substitution m1

5 fo% sin (u) d u

Note: Award M1 foru = :c2 = g—z = 2x

|

= [—% Ccos (u)} ;A
OR

attempt to integrate by inspection M1)

N Vn
7 Jo? 2z sin (mz) dz or 5 [,? sin (mz) d (:1:2)

= [—% cos (:1:2)] Yo

mi1



Note: Condone incorrect or absent limits for M1.

The correct limits may be seen or implied by later work for the A1.

THEN

= (—% COS <4>> — <—% COS (0)) (orequivalent) (A1)

_ _.n_ . m w2 on nf__1
=575 + 3 OR 4—|—2OR2< ﬂ+1>0R

n V2
§<—T+1> A1

_ n(24\/2) o

| =

METHOD 2

attempt to find an integral involving 11 and the square of f(:v) M1

Note: Condone incorrect or absent limits for this M1.

va
nfo? (f(2)* de

Vi
nfy? zsin (z?)dz M
attempt to use integration by substitution m1

U = cos (a:z) = g—’; = —2z sin (:1:2)



Note: Award M1 foru = COS (w2)

(orequivalent) A1A1

1
V2

Note: Condone incorrect or absent limits for M1.

A1 for — %u and A1 for both correct limits.

. m I I H\/§ I
735 OR3— 1 OR 5(1——
a
H<2—\/§)

== A

[6 marks]

[Maximum mark: 7]

23M.1.AHL.TZ1.9

The function f is defined by f(y) = \/7“2 —ylfor—r<y<r

The region enclosed by the graph of x = f(y) and the y-axis is

rotated by 360 ~ about the yj-axis to form a solid sphere. The sphere is

drilled through along the y-axis, creating a cylindrical hole.The

resulting spherical ring has height, .



Thisinformation is shown in the following diagrams.

diagram not to scale

————
~

The spherical ring has a volume of 11 cubic units. Find the value of A. [7]

Markscheme

METHOD 1 (subtracting volumes)

2 2
radiusofcylinder,Ris \/ r2 — hT OR R2 = 7’2 — hT (seen

anywhere) (A1)

correct limits 0 and % OR —% and % (seen anywhere) (A1)

EITHER
volume of part sphere = 71'f(7°2 — y2)dy

correctintegration Al

y3

2
rYy — 3
attempt to substitute their limits into their integrated expression M1)

r*ho B
2 24



recognition that the volume of the ring is T f(T2 — yz)dy — mR2h
where R £ r (M)

2

71"/1(7’2 — yQ)dy — 71'(7’2 — %)h(orequivalent)

correct equation (A1)

r’h h3 2 whd __ h® h _
271'(7—%) — Tr h—l—T—WORT———l(or

equivalent)
OR
recognition that the volume of thering is

7Tf<<7“2 — y2> — (7“2 — %))dy(orequivalent) m1)

correctintegration Al
Ry
Y73
attempt to substitute their limits into their integrated expression m1)

h3 h3

8 24

correct equation (A1)

3 3 3 3
271'(% — %) = 7 OR 2(% — %) = 1 (orequivalent)
THEN

K =6 m

METHOD 2 (volume of cylindrical hole)

2 2
radius of cylinder, Ris 4 /7% — hT OR R2 =2 — hT (seen

anywhere) (A1)



correct limits % and T (seen anywhere) (A1)
volume of part sphere = 7 f(r2 — y2)dy

correctintegration Al

3
2 Y
Ty -3

attempt to substitute their limits into their integrated expression m1)

2 rhoy AP

3 2 24

recognition that the volume of the cylindrical hole is

7rf(7°2 — y2)dy + mR?hwhere R £ 1 M1)

2
wf(rz — y2)dy — 7r(7"2 — hT)h (= %wr?’ — ) (or equivalent)
correct equation (A1)
2 3 2 3 3 4
271'(% —rhy 3—4) +7r?h — - = Zar® — 7 OR

3 3
% _ hT = —1 (orequivalent)

h=+v6 m

METHOD 3 (shells)

2 2
radius of cylinder, Ris 4 / 12 — hT OR R?2 =12 — hT (seen

anywhere) (A1)

attempt to use shells method (M1)

2m [xvVr? — z2dx



2
correct limits 7 and \/ r2 — hT(seen anywhere) (A1)

correctintegration Al
102  .2\3
== o 2
—3(r* —2?)
attempt to substitute their limits into their integrated expression m1)
3
1l (r2_(p2_ 22))°
(o (- (%))
correct equation (A1)
3
_ 2 2
25 (0 (= (2= §))7) = o
2( 2 x 1 =T
3 8 o

h=+v6 m

[7 marks]
[Maximum mark: 5] 22M.1.AHL.TZ1.1
Find the value of flg ( 3{/2_5 ) d z. (5]
Markscheme

f?’\f—;5 dx=f<3—5:c_%) dz @y

IL\/E; dao =3z —10z2(+¢c) A1

substituting limits into their integrated function and subtracting mM1)



3(9) — 10(9)* — (3(1) - 10(1)%> OR
27 10 x 3 — (3 — 10)

=4 A1

[5 marks]

[Maximum mark: 6]
By using the substitution 4 = sec x or otherwise, find an expression

T

3
forf secx tan © d x interms of 1, where 7 is a non-zero real

0
number.

Markscheme

METHOD 1
u=secr =>du=secxtanx dzx (A1)

attempts to express the integral in termsof u M1

Note: Condone the absence of orincorrect limits up to this point.

_ 2"-1"

22M.1.AHL.TZ2.7

[6]



2"—1

Note: Award M1 for correct substitution of their limits for © into

their antiderivative for u (or given limits for  into their antiderivative for

).

METHOD 2
[sechztanz dz = [sec" 'zsecztanz dz @1

appliesintegration by inspection  (M1)

ks
_ 1 3
n

[sec™ z] A2

o

Note: Award A2 if the limits are not stated.

=1 (sec"E — sec” 0) M1
n 3

Note: Award M1 for correct substitution into their antiderivative.

2"—-1

[6 marks]



[Maximum mark: 6] 19N.1.AHL.TZ0.H_2
Ink
Given that fOn e?dz = 12, find the value of k. [6]

Markscheme

% e seen (A1)

attempt at using limits in an integrated expression
1 2z Ink 1 2Ink 1.0
([26 lo = 7€ 5 € (1)

_ 1. k> 1.0
= 5¢€ 5 € (A1)
Setting theirequation= 12 M1

Note: their equation must be an integrated expression with limits
substituted.

1372 1

7](2 — 5 = 12 M
(k2=25=)k=5 m

Note: Do not award final A7 fork = =45.

[6 marks]

[Maximum mark: 17] 19M.1.AHL.TZ2H_9
Consider the functions f and g defined on the domain 0 < x < 27 by
f(x) =3cos2zandg(x) =4 — 11 cosz.

The following diagram shows the graphsof y = f (z)andy = g ()



(a) Find the x-coordinates of the points of intersection of the two
graphs. [6]

Markscheme

*This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

3cos2x =4 —1lcoszx

attempt to forma quadraticincos x M1
3 (2cos2a: — 1) =4 —11cosx A1
(6cos2a: +11lcosx — 7 = O)

valid attempt to solve their quadratic M1
(3cosz 4+ 7)(2cosz—1) =0

CoST — Al

1
2
51
3 A1A1

.
Ir = 3
Note: Ignore any “extra” solutions.

[6 marks]



(b) Find the exact area of the shaded region, giving your answer in

the form pm + q\/g,wherep, q € Q. [5]

Markscheme

consider ()

(4 —11cosx — 3cos2z)dx M

wlx %mlg

ot

us

= (£)[4z — 11sinz — 3sin2z| ! w1
3

Note: Ignore lack of orincorrect limits at this stage.

attempt to substitute their limits into theirintegral M1

= 20T7T —11 sin%” — %sin%7r — (%” — 11sing — %sin%ﬂ)
_ 1g7r 4 112\/5 4 3\4/§ 4 112\/5 4 315
= 10 4 B3 gy
[5 marks]
() At the points A and B on the diagram, the gradients of the two
graphs are equal.
Determine the y-coordinate of A on the graph of g. [6]

Markscheme

attempt to differentiate both functions and equate M1
—6sin2x = 1lsinx A1
attemptto solveforx M1

11sinz + 12sinxzcosxz =0



sinz (11 +12cosz) =0

cosz = —13 (or sinz =0) 41
=y=4-11(—3) m

_ 169 (_ 141
y—ﬁ(—]flﬁ) A1

[6 marks]
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