Functions, exponents and logarithms (no GDC) [69 marks]

1. [Maximum mark: 5] 24M.ASLTZ1.3
Itis given thatlog;, a = %,wherea > 0.

Find the value of

@  logy (L) [2]

Markscheme

log;o 1 — logyp a OR logjya™! = —log;pa OR logy, 1073

orR 10° = 1w

103

1
3 Al

[2 marks]
(b)  logyggg @- [3]

Markscheme

logg a

3/ T
Tog,, 1000 OR + logy99 10 OR logygg V 10007 OR
107 = 1000°(= (10%)") @y

(A1)
_ 1
=79 Al

[3 marks]



[Maximum mark: 5] EXN.1.SL.TZ0.2
Solve the equation2 In £ = In 9 + 4.Give youranswerin the
formx = pelwherep, q € Z™. [5]

Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessmentin the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

METHOD 1

2Inx — In9=14

usesm Inz = lnz™ (M1)
Inz? - In9=4

useslna — Inb=1n % (M1)

©|HM
I
~

In

METHOD 2
expressesdas4 In eandusesln 2™ = mlnx (M1)
2lnz=2In3+4lne lnz=In3+2Ilne) A1

uses2Ine =Ilne?andlna+Inb=1Inab (M1)



Inz=1In (3e2) A1l

METHOD 3

expresses4d as4 In eandusesm In £ = In 2™

Inz?=1n32+1ne* A1

useslna +1Inb=1Inab (M1)
Inz?=1n (3264)

22 =32t =z =324 (z >0) A1

sox=23e? (z>0) (p=3,q=2) A1

[5 marks]

[Maximum mark: 6]

(M1)

EXN.1.SL.TZ0.5

The functions f and g are defined forz € Rby f(x) = x — 2and

g9(x) = ax + b,wherea, b € R.

Giventhat (f 0 g)(2) = —3and (g o f)(1) = 5,find the value

of @ and the value of b.

Markscheme

(6]

*This sample question was produced by experienced DP mathematics

senior examiners to aid teachers in preparing for external assessment in the



new MAA course.There may be minor differences in formatting compared
to formal exam papers.

(fog)(x)=ax+b—2 (M1

(fog)(2)=-3=2a+b—2=-3(2a+b=-1) A1
(gof)(z) =alz—2)+b ™1
(gof)(1)=5=—a+b=5 A1

a valid attempt to solve their two linear equationsforaandb M1

soa = —2andb=3 A1

[6 marks]

[Maximum mark: 14] EXN.1.SL.TZ0.8
The following diagram shows the graphof y = —1 — y/a + 3forx > —3.

LY

]

(@) Describe a sequence of transformations that transforms the
graphof y = \/Efor:c > 0 to the graph of

y=—1—+a+ 3forx > —3. (3]



Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessment in the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

for example,
areflection in the Z-axis (intheliney = 0) A1
a horizontal translation (shift) 3 unitsto the left A1

a vertical translation (shift) down by 1 unit A1

Note: Award A1 for each correct transformation applied in a correct
position in the sequence. Do not accept use of the “move” for a translation.

Note: Award ATA1A1 for a correct alternative sequence of
transformations. For example,

a vertical translation (shift) down by 1 unit, followed by a horizontal
translation (shift) 3 units to the left and then a reflection in the line

y=—L

[3 marks]

Afunction fisdefined by f(z) = —1 — v/x + 3forz > —3.

(b)  State the range of f.

Markscheme

rangeis f(z) < —1 A1



Note: Correct alternative notationsinclude | — 00, —1], (—00, —1] or

y<—1.

[1 mark]

() Find an expression for f_l(x), stating its domain. [5]

Markscheme

—1—\/y—i—3:w M1

Note: Award M1 for interchanging & and ¥ (can be done at a later stage).

Vi3 -1 —(z+1) a1
y+3=(x+1)7° A1
sof Naz)=(z+1)"—3 (f Yz)=2"+22—-2) A1

domainisx < —1 A1

Note: Correct alternative notationsinclude] — 0Q, —1] or (—OO, —1].

[5 marks]



(d) Find the coordinates of the point(s) where the graphs of
y= f(z)andy = f!(z)intersect. [5]

Markscheme

the point of intersection lieson theliney = «

EITHER

(z+1)*-3=2z M

attempts to solve their quadratic equation M1
forexample, (z + 2)(x — 1) = Oor

—14/T 4 (2 _
_ A 2()( ) (z = 12i3)

OR
—1—+vVz+3=2 M

2 _
(—1—\/:1:4—3) =22= 2/ +3+zx+4 =22
substitutes 2\/;U +3= —2(33 + 1) to obtain
—2(z+1)+z+4=2?
attempts to solve their quadratic equation M1
forexample, (z + 2)(x — 1) = Oor

_ —11\/12;4(1)(—2) (¢ = %)

THEN



r=—-2,1 A1
asx < —1,theonlysolutionisz = —2 R1

so the coordinates of the point of intersection are (—2, — 2) A1l

Note: Award ROAT1 if (—2, — 2) is stated without a valid reason given for
rejecting (1, 1).

[5 marks]
[Maximum mark: 5] 24M.1.AHL.TZ2.2
Solve3 X 9" +5 x3*—-2=0. [5]
Markscheme

recognising a quadraticin 3*  (M1)
3% (37)°+5x3"—-2=10

valid attempt to solve a quadratic equation (factorising, use of formula,
completing square, or otherwise) M1)

(3 x 3% —1)(3%+2) =0 OR 3% = —2EVZ2L (5 equivalent)
(A1)

37 = % (or3* = —2) (A1)



Note: Award the final A7 if candidate’s answer includes ¢ = —1 and
x = log; (—2).AwardA0 if other incorrect answers are given.

[5 marks]

[Maximum mark: 7] 23M.1.SL.TZ1.2
The function f is defined by f(a:) = % forx € R,z # 2.

(@)  Find the zero of f(z). [2]
Markscheme

recognizing f(:I?) =0 )

r=—-1 M

[2 marks]

(b) Forthe graphof y = f(ac), write down the equation of

(b.i)  thevertical asymptote; [1]
Markscheme

T = 2 (mustbe anequationwithx) A7

[1mark]

(b.ii)  the horizontal asymptote. [1]



Markscheme

Y= % (must be an equationwithy) A1
[1mark]
(©  Find f1 (CE) the inverse function of f(x). 3]
Markscheme
EITHER

interchanging £ and y (m1)
ey — 4 =Ty + 7

correct working with 4 terms on the same side: 2xy — Ty = 4x + 7
(A1)

OR
ur — 4y =Tx + 7

correct working with & terms on the same side: 2yx — 7Tx = 4y + 7
(A1)

4y+-7

2y—T7 (M1)

interchanging & and Yy OR making  the subject £ =

THEN

f_l(m) — % (or equivalent) (a: 7é %) Al



[3 marks]

[Maximum mark: 7] 23M.1.SL.TZ2.6
The functions f and g are defined forz € R by

f(z) = ax + b,wherea,b € Z
9(z) =2+ +3.

Find the two possible functions f such that
(go f)(z) = 4a? — 14z + 15.

[7]
Markscheme
attemptstoform (g o f)(z)  M1)
()] + f(az) +30R (az+b)°+az+b+3

a’z? + 2abx + b* + ax + b+ 3(= 42 — 14z + 15) @)
equates their corresponding terms to form at least one equation (M1)

a’x? = 422 OR a? = 4 OR 2abx + ax = —14x OR
2ab+a=—-140Rb2+b+3 =15

a = 2 (seenanywhere) Al



attemptto use 2ab + a = —14 to pair the correct values (seen
anywhere) M1)

f(z) = 2x — 4 (accepta = 2withb = —4), f(z) = —2z + 3
(accepta = —2withb = 3)  A141

[7 marks]

[Maximum mark: 5] 23M.1.S5LTZ2.3

A function f is defined by f(a:) =1— ﬁ,wherew e Rz # 2

(@)  Thegraphofy = f(:c) has a vertical asymptote and a
horizontal asymptote.

Write down the equation of

(a.i)  thevertical asymptote; [1]
Markscheme

r=2 A

[1 mark]

(a.ii) the horizontal asymptote. [1]
Markscheme

y=1 a1



[1mark]

(b) Find the coordinates of the point where the graph of
y = f(x) intersects

(bi)  the y-axis; [1]
Markscheme

(0,2)

[1 mark]
(b.ii) the x-axis. [1]
Markscheme

(3,0) a1

[1 mark]

() On the following set of axes, sketch the graph of y = f(x),
showing all the features found in parts (a) and (b).



Markscheme

(1]



Ry
two correct branches with correct asymptotic behaviour and intercepts
clearly shown A1
[1mark]
[Maximum mark: 15] 22N.1.SL.TZ0.8

Calculate the value of each of the following logarithms:

@) log, <= [2]



Markscheme

valid approach to find the required logarithm

M1)

2* = L 0rR2"=2""0R 7= =2 * OR log, 1 — log, 16

log, 1—16 = —4 A1

[2 marks]

(aii) logg 3.
Markscheme

valid approach to find the required logarithm

9 — 3 0R 3% — 3 0R 3 = 97 OR &3

logs 9
logg 3 = % A1
[2 marks]
(aiii) log, /3 81.
Markscheme
(\/§)x — 81 OR 2&s8L (A1)
o 10g3 \/g
(3)? =3'0RZ =40R 4+ (1)
2

(2]

M1)

(3]



[3 marks]
Itis given thatlog,, a = 3,wherea, b € R™, ab # 1.

(bi) Showthatlog,, b = —2.
Markscheme

Note: There are many valid approaches to the question, and the steps may
be seen in different ways. Some possible methods are given here, but
candidates may use a combination of one or more of these methods.

In all methods, the final Amark is awarded for working which leads directly
to the 4G.

METHOD 1
(ab)’ = a (A1)
attempt to isolate b or a power of b (M1)

correct working (A1)

b= -2 orRb*=a20rb = (ab)’ORD® =%

a’b?
b= — OR b= (ab) * OR 3 log,, b= —2log,; a OR

a
—log,, b = 2 log,, ab A1

log,, b= —2 AG

METHOD 2

(4]



(ab)® =a (A1)
taking logarithm to base ab on both sides M1)
log,, (ab)® = log,, a OR log,;, a®b® = log,; a

correct application of log rules leading to equation in terms of log ,;,

(A1)

3 log,, a+ 3 log,, b = log,, a OR 3 log,, b = —2 log,, a
orR log,, b> = log,, a2

2
3

log,, b =log, a % OR log, b= —%logab a OR
logg, b= —=(3) A1

log,, b= —2 AG

Note: Candidates may substitute logab a = 3Jatany pointin their

working.
METHOD 3
log,, a =3
writing in terms of base a m1)

log, a (_ 3)

log, ab \"

correctapplication of log rules (A1)

log, a o 1 L .
oz a oz D (= 3) or Thoz ® (=3)or3log, b= —20R
log, b= —%
writing log,;, bin terms of base a (A1)
o log, b

logab b= log, a+log, b



correct working Al

logabb: —3 OR (73)

3
2
1-3

log,, b= —2 AG

METHOD 4

log,, ab =1 A2

log,, a+log, b=1 (A1)
3+log,b=1 A1

log,, b= —2 AG

[4 marks]
.. 3

(Bi) Hence find the value oflog,;, %. [4]
Markscheme

applying the quotient rule or product rule for logs

logab % — logab \3/5 _ logab \/E OR

3 _
logab % — logab \?)/a + 1Ogab % (A1)
correct working (A1)

- %bgab a— %1Ogab b OR log,;, ab — log,, Vb

=1-3-3(-2) (A1)



Note: Award A1A040A1 for a correct answer with no working.

[4 marks]
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