Paper 3 practice [80 marks]

1. [Maximum mark: 25] SPM.3.AHL.TZ0.2
This question asks you to investigate some properties of the sequence of functions of the form
fn(z) = cos (narccosz),~1<z<1landn € Z".

Important: When sketching graphs in this question, you are not required to find the coordinates of any

axes intercepts or the coordinates of any stationary points unless requested.

(a) On the same set of axes, sketch the graphsof y = f1 (a:) andy = f3 (:E) for-1<x
<1 (2]

Markscheme

correctgraphof y = f1(x) A1
correctgraphof y = f3(z) A1

1.5¢¥

[2 marks]

For odd values of 2 > 2, use your graphic display calculator to systematically vary the value of 1. Hence
suggest an expression for odd values of 1 describing, in terms of 7, the number of

(b.i)  local maximum points; [3]
Markscheme

graphical or tabular evidence that 12 has been systematically varied ~ M1

eg 1 =3, 1 local maximum pointand 1 local minimum point



1 =5, 2 local maximum points and 2 local minimum points

1 =7, 3 local maximum points and 3 local minimum points  (41)

n—1

5 local maximum points A1

[3 marks]
(b.ii) local minimum points; [1]
Markscheme

% local minimum points A7
Note: Allow follow through from an incorrect local maximum formula expression.
[1 mark]

(o] On a new set of axes, sketch the graphs of y = fo (x) andy = f4(zl:) for-1<x <
1. (2]

Markscheme

correctgraphof y = fo(x) A1
correctgraphof y = fy(z) A1

1.5¢¥

[2 marks]

Foreven values of . > 2, use your graphic display calculator to systematically vary the value of 1.
Hence suggest an expression for even values of nndescribing, in terms of 1, the number of



(d.i)  local maximum points;
Markscheme

graphical or tabular evidence that @ has been systematically varied M1
egm = 2,0local maximum pointand 1 local minimum point

1 =4, 1local maximum points and 2 local minimum points

1 =6, 2 local maximum points and 3 local minimum points (A1)

n—2

R local maximum points A7

[3 marks]

(d.ii) local minimum points.
Markscheme

% local minimum points A7

[1mark]

(e) Solve the equation fn'(:z) = 0 and hence show that the stationary points on the
graphof y = fn(z) occuratx = Cosk—rzT wherek € Z 1 ando<k<n.

Markscheme

fn(x) = cos (narccos (z))

fnl(x) _ nsin(n?r_c;:(;s(a:)) MiAT

Note: Award M7 for attempting to use the chain rule.
f»'(z) = 0 = nsin (narccos (z)) =0 m
narccos (z) = kr (k€ Z*) m

leading to

x = cosk—T’LT (k € ZTando<k<n) AG

[4 marks]

(1]



The sequence of functions, fn(:lj), defined above can be expressed as a sequence of polynomials of
degreen.

(f) Use an appropriate trigonometric identity to show that fo(z) = 222 — 1.

Markscheme

fa(z) = cos (2 arccos x)

= 2(cos (arccos x))2 -1 m
stating that (cos (arccos )) = = A1
so fo(z) =222 —1 46

[2 marks]
Consider f,11(x) = cos ((n + 1) arccos z).

(9) Use an appropriate trigonometric identity to show that
frn+1(x) = cos (narccos z)cos (arccos x) — sin (n arccos )sin (arccos x)

Markscheme

frnt1(z) = cos ((n + 1) arccos z)

= cos (narccos « + arccos x) Al

use of cos(A + B) = cosAcos B —sinAsin Bleadingto M1

= cos (n arccos z)cos (arccos x) — sin (n arccos )sin (arccos ) 46

[2 marks]

(hi) Henceshowthat f, . 1(z) + frn_1(x) = 2z f, (x).n € Z*.
Markscheme

frn—1(z) = cos ((n — 1) arccosz) A1

= cos (n arccos z)cos (arccos ) + sin (n arccos z)sin (arccos z) M1

[2]



fri1(z) + frno1(x) = 2 cos (narccos z)cos (arccos z) A1
=2zxf, (x) 46
[3 marks]
(h.ii)  Hence express f3 (:L') as a cubic polynomial. [2]
Markscheme

f3(z) =2z f2 (z) — fi(z) M)
:2$(2$2—1) —x

=43 — 3z m
[2 marks]
[Maximum mark: 29] EXM.3.AHL.TZ0.3

This question will investigate methods for finding definite integrals of powers of trigonometrical

functions.

s

5
Letl, = [ sin"zdz, n € N.
0

(@)  Findtheexactvaluesof I, 7 and I5. [6]

Markscheme

In= | ldz = [w]g =5 MIAT

O%Mlz‘

B

sinzdr = [—cosz]y =1 M1

~
—
|
O%Ml_\_‘

™

2 , us
sin’zdzr = [ —1_‘:;52‘” de = [% — —Sm42x]02 =7 M
0

o
I
=y



[6 marks]

(bi)  Useintegration by parts to show that I,, = "T_lfn,Q, n > 2.
Markscheme
u=sin""lz V= —COST

|a.

du — (n — 1)sin" 2z cos

v e
de w—SlIlCI,‘

s
I, = [-sin" zcosz|? + [ (n—1)sin" 2z cos2zdz MIAIAT

S|y o

=0+ [ (n—1)sin" 2z (1 — sin2w) de = (n—1)(Ip—2 — I,) MA1

Sy

=nl,=n-1)I,=1I,= Uy S

[6 marks]
(bii)  Explain where the conditionn > 2 wasused in your proof.

Markscheme

s
needn > 2sothatsin” ! 2 = 0in [—sin’“1 Z COS x} 02 R1

[1mark]

(©) Hence, find the exact values of I3 and 4.

Markscheme

[\

IL=3 mm

oo

2
[2 marks]
T
2

LetJ, = [ cos"zdz, n € N.
0

7r_

(d)  Usethesubstitution z = 5 — wto show that J, = 1,.

(5]

(11

[2]



Markscheme

_ dz
T=5—u= 5o = 1 a
s s
2 0 0 2
Jo= [ cos"zdz = [—cos" (% —u)du=— [sin"udu = [ sin"udu =1I,
0 s s 0
2 2
M1ATA1AG
[4 marks]
(e) Hence, find the exact values of J5 and Jg [2]
Markscheme
— —_ 47 _ 4 2 _ 8 57 _ 5 3r _ 5w
J5—I5—5I3—5><3—15 J6_I6_6I4_6X16_32 A141
[2 marks]
s
4
LetT, = [ tan"zdz, n € N.
0
(f) Find the exact values of T(y and 17 . [3]
Markscheme
s
4 ™
_ _ 4 T
To= [lde=[z]; =T
0
s
4 T _
T, = [ tandz = [—Inlcosz|]|} = —In-+ =1Inv2 M1
1 Of [ | o V2 v
[3 marks]
(9i)  Usethefactthattan?z = sec?x — 1toshowthat T}, = ﬁ —Th o,mn>2
[3]

Markscheme



s

™ ™
14 1 4
T, = [ tan"zdz = [ tan" 2ztan’zdr = [ tan" 2z (sec2:r; — 1) dz
0 0 0
M1
s .d
1 2 2 i 2 tanm 1z | 4 1
n— n— _ | tan™ 12 _ o
[ tan" 2z sec’zdr — [ tan" *zdr = [ - ] —Tho=—7 —Tho
0 0
ATAT1AG
[3 marks]

Explain where the condition . > 2 was used in your proof.

(g.ii)
Markscheme
s s
1 2 2 4 2
need . > 2 so that the powers of tan in f tan" “rsec‘rdr — f tan” “x dx are not
0 0

negative  R1

[1 mark]
[2]

(h)  Hence, find the exact values of T5 and T'3.

Markscheme

T2:1—T[):1—% Al

T3:%—T1:%—ll’l\/§ A1

[2 marks]

EXM.3.AHL.TZ0.5

[Maximum mark: 26]
This question investigates the sum of sine and cosine functions

(1]

(ai) Sketchthegraphy = 3sinx + 4 cos x,for —27 < & < 27

Markscheme



6.67 Ty

h. 4
=6.28 1.57 6.28 Al

=-6.67

[1 mark]

(a.ii)  Write down the amplitude of this graph [1]
Markscheme

5 A1

[1 mark]

(a.iii) Write down the period of this graph [
Markscheme

2T M

[1 mark]

The expression 3 sin & + 4 cos & can be written in the form A cos(Bx + C) + D, where
A, BeR"andC, D€ Rand—r < C < .

(b.i)  Useyouranswersfrom part (a) to write down the value of A, Band D. [1]

Markscheme

A=5B=1D=0 m

[1mark]

(bii)  Find the value of C. [21



Markscheme

maximumatx = 0.644 M1
SoC = —0.644 m
[2 marks]
(ci)  Find arctan%, giving the answer to 3 significant figures.
Markscheme
0.644 A1

[1 mark]

(cii) Commenton youranswer to part (c)(i).

Markscheme
itappearsthat C' = —arctan% A1
[1 mark]

The expression 5 sin & + 12 cos z can be written in the form A cos(Bz + C) + D, where
A, BeR"andC, D € Rand—7w < C < .

(d) By considering the graph of y = 5 sin x 4+ 12 cos z, find the value of A, B,C

and D.
Markscheme
15 ‘:y
2
: . s s 4 m1
-6.28 1.57 6.28




A=13 m
B=1landD =0 a1
maximumatz = 0.395 M1

So C=-0.395 (: —arctanf—z) A1

[5 marks]

In general, the expression a sin  + b cos & can be written in the form A cos(Bx + C) + D,
wherea, b, A, B€ R"andC, D € Rand—7 < C < .

Conjecture an expression, in terms of @ and b, for

ei) A [
Markscheme
A=+vVa2+b m
[1mark]

(eii) B. (1
Markscheme
B=1 m
[1mark]

(eii) C. (]
Markscheme

C = —arctan% Al

[1mark]

(eiv) D. [1]

Markscheme



D=0

[1mark]

The expression a Sin & + b cos & can also be written in the form

va? + b2 (#ﬂﬂsinm + %ﬂﬂcos x)

a

—— = sinf
Va?+b?

Let

b

= cos 0.
va2+b?

(fi)  Show that

Markscheme

EITHER

use of a right triangle and Pythgoras'to show the missing side length is b
OR

Use of sin?@ + cos?6 = 1, leading to the required result ~ M141

[2 marks]

(fii) Showthat% = tané.
Markscheme

EITHER

use of aright triangle, leading to the required result. M1

OR
Useoftan @ = 22;2 ,leading to the required result. M1
[1 mark]

(9) Hence prove your conjectures in part (e).

Markscheme

asinz + bcosz = vVa? + b2 (sinfsinz + cosf cos x)

M1A1

(1]

(6]



asinz + bcosz = va?+ b (cos (z — 0)) MiA1
soA=+va>+bLB=1andD=0 a1
AndC' = -0 m

SoC = —arctany A1

[6 marks]
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